We establish existence and uniqueness theorems for V-harmonic maps from complete noncompact manifolds. This class of maps includes Hermitian harmonic maps, Weyl harmonic maps, affine harmonic maps, and Finsler harmonic maps from a Finsler manifold into a Riemannian manifold. We also obtain a Liouville type theorem for V-harmonic maps. In addition, we prove a V-Laplacian comparison theorem under the Bakry-Emery Ricci condition.
Introduction
Let (M, g) and (X, h) be Riemannian manifolds. Given a smooth vector field V on M, we call a map u : M → X a V-harmonic map if u satisfies
where τ (u) = trDdu is the tension field of the map u. This is a generalization of the usual harmonic map. The notion of V-harmonic maps was introduced in [3] . It includes the Hermitian harmonic maps introduced and studied in [17] , the Weyl harmonic maps from a Weyl manifold into a Riemannian manifold [18] , the affine harmonic maps mapping from an affine manifold into a Riemannian manifold [15, 16] , and harmonic maps from a Finsler manifold into a Riemannian manifold [2, 12, 30, 31, 34] , see [3] for explanation of these relations. Another interesting special case is when V is a gradient vector field, i.e., V = ∇ f for some function f : M → R, then (1.1) takes the form
which is the Euler-Lagrange equation of
In this case, (1.2) is of divergence form. A solution of (1.2) is called an f -harmonic map [27] . They are harmonic maps from the smooth metric measure space (M, g, e f dv g ). A selfsimilar solution of the harmonic heat flow is an f -harmonic map with a special f , see [28] . For recent studies of f -harmonic maps, see [23, 25, 26, 28, 35] .
To express V-harmonic maps more explicitly, we let {x α } and {y i } be local coordinates on M and X , respectively. On X we choose the Levi-Civita connection ∇, and on M we choose the torsion-free connection V ∇ whose Christoffel symbols are given by V σ αβ := σ αβ − 1 n g αβ V σ , where n := dim M. Correspondingly, we denote the standard Beltrami-Laplacian on M by and the Laplacian of the torsion-free connection V ∇ by V . Define the second fundamental form of the map u with respect to these connections by
The torsion-free assumption makes ∇du(·, ·) symmetric. And the corresponding tension field of the map u is then given by
In particular, if X is the real line R, i.e., u is a function on M, then
We say that the elliptic differential operator V has positive first eigenvalue λ V (M) if for any smooth function φ on M with compact support set, holds
(1.3)
